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Mathematics achievement analyzing a dataset from the Early Childhood Longitudinal Study-Kindergarten Cohort, we
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1. Introduction

Bayesian piecewise growth mixture modeling combines the advantages of Bayesian methods with a statistical framework to
identify distinct subgroups within a population and understand how various factors influence these subgroups at different stages over
time. This approach can enhance our understanding of developmental trajectories, particularly when analyzing groups (e.g., students,
teachers) segmented into distinct phases or “pieces”. In this article, we introduce Bayesian piecewise growth mixture models (PGMMs)
for school psychologists. Unlike general mixture modeling, PGMMs have the potential to improve the quality of interventions and
outcomes being examined by describing and understanding nonlinear development across the segmentation.

We believe this approach has relevance to the types of questions being addressed within the field of school psychology. Our main
goal is to make these methods more accessible to a broad audience by describing the concepts and applications of Bayesian PGMMs. As
a preview of the topics covered, we begin with a brief overview of the core elements that comprise this article, including (a) mixture
modeling, (b) estimation issues, and (c) the relevance of Bayesian PGMM:s in school psychology. Then we move into sections outlining
more details for these methods and topics. As we work through these various elements, it is important to note that Table 1 provides a
guide for defining some of the technical jargon that is necessary when introducing these methods.
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1.1. Why mixture modeling in school psychology?

A central research interest of school psychologists is to gain insights into the complex psychological and behavioral processes of
individuals in school settings. Traditionally, it is assumed that these individuals come from a single population, meaning all individuals
share the same properties and the influence of hypothesized covariates is applied uniformly. However, empirical studies suggest that
individuals in school environments can be categorized into qualitatively different subpopulations (e.g., Byrd & Andrews, 2016; Coyle
et al., 2021; Herman et al., 2018; Ingram et al., 2019; Ren et al., 2021). These subpopulations may be substantively important to
decipher, but they may also be unknown to the researcher.

To address this, mixture modeling is a statistical technique that can account for this heterogeneity within a population and identify
hidden subgroups (McLachlan & Peel, 2000). For school psychologists, detecting differences across these latent subpopulations—or
classes—can enhance their understanding of different mechanisms and intervention effects on social, cognitive, health, and
achievement-related outcomes in schools.

Mixture modeling operates on the principle that unobserved heterogeneity exists in the data, meaning there are underlying groups
within the population that we cannot directly observe. Researchers must determine these unknown class memberships based on
observed patterns (e.g., Does an individual A belong to Group 1 or Group 2 given the observed data patterns?). The observed data
patterns, either through the outcome of interest or other covariates, are clues about how individuals may group together to form
unobserved classes. Put simply, mixture modeling suggests that different covariates may influence different groups of students or
teachers in different ways. The challenge then becomes identifying the correct set of classes so that group differences and similarities
can be accurately interpreted. The question of how many unobserved groups exist and to which group each individual should be
assigned is closely tied to the accuracy of the model estimation technique. In other words, can we accurately determine the number of
unobserved groups and correctly assign each individual to their respective groups? In the next section, we introduce the Bayesian
estimation framework, a method that is particularly effective for addressing these issues.

Table 1
Glossary of technical terms based on Depaoli (2021).

Terms Conceptual Definition

The initial samples to form the Markov chain are often highly dependent on starting values and may not precisely approximate the
target posterior distribution. These initial samples are referred to as the burn-in samples and they are discarded from the estimated
posterior. The burn-in samples are also referred to as the warm-up samples.

The ability to properly identify the number of latent classes in a sample. In other words, the ability to identify the number of
populations that the sample data represents. Information criteria (i.e., DIC, WAIC, and LOOIC) are used for class enumeration.

The estimated size of the latent classes. Class proportions should add up to 1.

How similar or dissimilar the latent classes are to one another. Highly separated classes in a piecewise growth mixture model would
show very different piecewise growth trajectories and/or knot locations. Poorly separated classes would show similar growth
trajectories and/or knot locations. The more similar classes are, the more difficult it is to properly identify them without the use of prior

Burn-in samples

Class enumeration

Class proportions
Class separation

information.
The post-burn-in phase of the Markov chain must be assessed for convergence through diagnostics. Convergence indicates a stable
mean and variance of the chain throughout the entire section representing the posterior distribution.

Convergence

Priors that reflect complete uncertainty about population parameters. For instance, a normal prior distribution that is diffuse has a very
large variance hyperparameter that may make this prior nearly flat.

The latent variables (i.e., factors) in the piecewise growth mixture model that govern the specific growth trajectory being estimated.
These factors include the intercept (i.e., starting point of the trajectory) and the respective slopes (i.e., first linear rate of change for the
trajectory).

Diffuse priors

Growth factors

Gibbs sampler
Growth trajectory

Hyperparameter

Informativeness

Informative priors

Latent class

Likelihood

Markov chain Monte
Carlo

Posterior distribution

Prior distribution

Prior sensitivity analysis

Weakly informative
priors

This is one type of Markov chain Monte Carlo algorithms used for sampling values from an unknown probability distribution.

The rate of change, or growth, that is tested in the piecewise growth mixture model. Multiple growth trajectories are obtained within
the piecewise growth mixture model to uncover the overall rate of change across individuals from different latent classes.

The parameters that form a prior distribution are referred to as hyperparameters. For instance, the normal distribution is defined by a
mean and a variance, and these represent the hyperparameters. Hyperparameters can be manipulated to create more or less informed
priors.

The degree of prior informativeness captures how much (un)certainty there is in the prior. Informativeness can be captured along a
continuum from complete uncertainty to relative certainty.

Priors that reflect a high degree of certainty surrounding a population parameter value.

An unobserved group of individuals modeled through a mixture model.

A conditional probability of the data given the unknown model parameters (composing the model).

An iterative process implementing sampling methods used to construct an estimated posterior through an indirect process involving
simulations.

A distribution that captures prior knowledge and observed data (via the likelihood).

A probability distribution that represents beliefs about model parameters. Priors are typically constructed before examining the sample
data.

An analysis that allows the researcher to examine the impact of different prior settings on final model estimates to determine how
robust or varied results are when priors are modified.

Priors that contain some information about the population parameter while remaining less certain than informative priors.
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1.2. Why Bayesian methods?

The frequentist estimation framework, such as maximum likelihood via expectation maximization, has traditionally been the
dominant method for estimating mixture models (Jedidi et al., 1997; Muthén & Shedden, 1999; Tueller & Lubke, 2010). However, this
approach can sometimes struggle with accurately identifying the number of latent classes, as well as class membership (e.g., Which
particular latent class an individual should belong to?). The estimation issues within the frequentist estimation framework are
especially prevalent for complex statistical models (e.g., models with mixture components or a multilevel structure) or when smaller
sample sizes are present. When these complexities are present, the Bayesian estimation framework offers a promising alternative that
has been shown to provide more accurate estimation results (Depaoli, 2021; Frithwirth-Schnatter, 2010; Kaplan & Depaoli, 2012; Lee,
2007).

Bayesian estimation methods have similarities to the frequentist methods that most researchers are familiar with, but there is an
important difference that alters the implementation and interpretation of results. That difference is through the incorporation of prior
distributions (or priors). Priors are used to incorporate knowledge about each model parameter into the estimation process. That
knowledge can come from a variety of places, including previous research findings, expert opinions, or any other relevant information
that informs the likely values of model parameters. The purpose is to introduce some “extra information” about each model parameter
through the prior; this is notably different from traditional frequentist methods, which do not incorporate any information about
model parameters into the estimation process.

Prior distributions are formulated from information coming from a variety of places as noted and combined with information from
the observed data to estimate model parameters. In the case of mixture models, Bayesian priors are extremely helpful when deter-
mining the number of latent classes, as well as properly assigning individuals to those classes. Furthermore, Bayesian estimation is
particularly helpful in cases of small sample sizes or when latent classes have overlap or similarities that make them harder to

(a) Growth Trajectories of a Non-Mixture Piecewise Growth Curve Model
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(b) Growth Trajectories of a 2-Class PGMM.
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Fig. 1. A hypothetical example of piecewise growth trajectories.
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distinguish from one another (van de Schoot et al., 2015, 2018; Zhang et al., 2007).
1.3. Practical relevance of Bayesian PGMMs in school psychology

Analyzing data with latent classes has been applied to various forms of data measured from a single time point to multiple time
points. PGMM is a popular method for investigating complex growth over time. In the analysis of longitudinal data, researchers often
observe distinct, phasic developmental periods rather than a smooth and uninterrupted growth trajectory. In the non-mixture
implementation of this model (i.e., the piecewise growth curve model), two growth segments are joined together by a changepoint
(or knot). The knot represents a point in time where the growth rate changes, sometimes abruptly. Fig. 1a illustrates an example of this
pattern. The figure shows a piecewise growth trajectory of a single class (i.e., non-mixture) shown by the green solid line where the
growth rate changes at Time 4, indicated by the vertical black dashed line. The trajectory before and after the knot shows distinct linear
segments.

Adding a mixture element to this model allows for multiple groups, each represented by different growth trajectories. These
multiple groups can have the same knot location (i.e., groups that change at the same time point) or different locations (i.e., groups that
change at different time points). In addition, there can be a single knot (i.e., one time point where a change in growth occurs) or
multiple knots (i.e., multiple time points where there is a shift in the growth pattern or rate) depending on the complexity of the
outcome variable being tracked over time. An example of a PGMM with two latent classes can be found in Fig. 1b. Note that there is a
clear and distinct growth pattern for the two groups. Even though they each have a changepoint at Time 4, they display different
growth patterns (i.e., intercepts and slopes) before and after the knot at Time 4.

There are many examples of research questions in school psychology designed to advance our understanding of individuals (e.g.,
students, teachers) via PGMMs. As a hypothetical example, assume that a researcher wants to implement a new intervention for
enhancing students’ math scores in the classroom. The researcher may opt to collect data at multiple time points leading up to the
intervention and then also for multiple time points after the intervention. This longitudinal design would allow the researcher to track
math scores before the intervention and assess the impact of the intervention by examining scores collected afterward. The inter-
vention point, located at the knot, may produce an abrupt change in math scores, thus producing two segments of the growth model (i.
e., pre- and post-intervention). The piecewise growth curve model (i.e., non-mixture) can be used to capture math ability over time in
this context, with the knot placed at the time point where the intervention was implemented (e.g., akin to Time 4 in Fig. 1a). If the
researcher suspected multiple latent groups existed (e.g., the piecewise growth trajectories should be different between high-achieving
and low-achieving groups of students), then the PGMM could be implemented. In that case, the researcher would estimate a series of
models to determine the optimal number of latent subgroups that exist (e.g., akin to the two-class structure in Fig. 1b). Each subgroup
can represent different growth patterns as well as capture different effects from the intervention.

1.4. Organization of the remaining sections

The above sections provided the basic context as follows. Mixture models can help disentangle substantively different yet unob-
served subgroups from one another. However, frequentist methods may struggle to identify the correct subgroups, especially when
models are complex or sample sizes are small. As a result, researchers can turn to Bayesian estimation, which can improve the esti-
mation of mixture modeling using “extra information” about the model parameters, defined through priors. A notable and relevant type
of mixture model to school psychology inquiries is the PGMM, which can track phasic growth over time for different unobserved
subgroups. The interesting aspect of the PGMM is that it can incorporate abrupt changes in growth over time through a knot. With these
basic ideas in mind, we now transition to sections detailing more of the technical aspects of this modeling approach, Bayesian esti-
mation, and important methodological considerations in the implementation of PGMMs. Then we present an empirical application of
Bayesian PGMMs to longitudinal data. We conclude with a summary of important findings, discuss additional issues, suggest future
research directions, and provide practical advice for researchers in the field of school psychology looking to implement these methods.
Furthermore, we provide Appendices that offer technical details beyond the scope of the text.

2. Piecewise growth mixture modeling

PGMM is a methodological option to adequately capture the varying growth trajectories across different developmental periods and
latent classes. This approach allows researchers to break down longitudinal trajectories into separate distinct phases and analyze them
within subpopulations. As such, PGMMs offer flexibility to capture complex trajectory patterns with multiple growth phases across
different latent classes. In a PGMM, respective phases are linked to the previous or next phase via knots. Locations of knots can be
predetermined (Depaoli et al., 2023; Heo et al., 2024) or estimated freely (Kohli, Hughes, et al., 2015; Lock et al., 2018). The presence
of knots allows researchers to implement interventions and understand or construct substantive theories surrounding piecewise growth
trajectories. Depending on the specific research questions, PGMM:s can be tailored to accommodate varying degrees of complexity. To
illustrate these methods, the present article focuses on a PGMM with two linear segments connected by a single knot that is freely
estimated due to its simplicity and general applicability (e.g., Kohli, Hughes, et al., 2015; Kohli & Sullivan, 2019).

2.1. Visualization of trajectories

Before we introduce the functional form of PGMMs, it is important to have a clear visualization of how the model can be
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represented. PGMMs can be displayed through plots of growth trajectories. For this purpose, we revisit Fig. 1b that contains a hy-
pothetical example of a two-class PGMM with a knot located midway through the trajectories. Imagine this scenario as a school
psychology study where the separate growth trajectories and knot locations across the two classes are the result of applying a Bayesian
PGMM to describe the piecewise growth before and after an intervention. This intervention could be the implementation of a new math
course or a change of teachers. Here, the outcome variable is students’ math examination scores.

In this example, two latent classes exist, with Class 1 in Fig. 1b depicted by the red solid line and Class 2 represented by the blue
dotted line. The knot is located at time point 4, as indicated by the vertical black dashed line. Class 1 shows a steeper growth trajectory
after the knot location. Conversely, Class 2 demonstrates a trajectory that becomes less steep after the knot location.

Substantively, students from Class 2 can be defined as a high-achieving group whose performance was high before the intervention
and continued to increase after the intervention, albeit at a decelerated learning rate. Conversely, students from Class 1 can be defined
as a low-achieving group who had low math achievement before the intervention, but whose math scores increased dramatically with
acceleration after the intervention. This suggests that the intervention was particularly effective for the low-achieving group. As such,
we can observe a clear distinction between these two classes in terms of their growth trajectories.

2.2. Model definition

Next, we explain how PGMMs are defined. We strive to keep the technical details of PGMMs brief and succinct, yet researchers may
need more explanation about the model formulas. To this end, we provide illustrations of additional technical details behind PGMMs in
Appendix A.

The mixture modeling approach, including PGMMs, assumes that observed data are generated from a mixture distribution. Mixture
models like PGMMs can be viewed as combining several subpopulations, each with its own distinct characteristics. In this framework,
there are C latent classes, and some parameters are allowed to vary across these classes. Researchers need to estimate the number of
latent classes (C) and then determine class-specific parameters, such as class-specific intercepts and slopes. For example, in a popu-
lation with two latent classes, researchers would estimate parameters for each class separately, capturing unique growth trajectories
and changes over time.

A PGMM can be defined from a structural equation modeling perspective (Grimm et al., 2016). To formulate a PGMM using the
structural equation modeling framework, we consider a measurement model part and a structural model part. The measurement model
links the observed data to growth factors, which can be formulated as

Yie = y”ic +éic, (1)

where y; is a vector of repeatedly measured dependent variables for an individual i in class c, A, refers to a T x m matrix of factor
loadings where T is the number of time points and m is the number of growth factors (i.e., latent intercept and latent slope), 1. is an m
x 1 vector of growth factors, and ;. is a vector of T residuals that cannot be accounted for by the trajectory in class c. In any
formulation of PGMMs, specifying the A, matrix is important because piecewise growth trajectories are expressed. Usually, the first
column consists of 1 s because it is associated with the intercept that does not change over time. The second and the remaining
subsequent columns indicate patterns of piecewise trajectories hypothesized by a researcher.

Suppose we have measured observed variables across seven equidistant time points and will fit a PGMM that consists of two linear
segments joined at a knot at the fourth time point, as shown in Fig. 1b. For linear slope factors, the first time point is typically set to be
0. As illustrated in Fig. 1b, the knot at Time 4 is included in the model, with a slope estimated prior to Time 4 and another slope
estimated after Time 4. The pre-knot slope captures the rate of change in measurements leading up to the knot location, whereas the
post-knot slope captures the rate of change in measurements following the knot location. This approach allows the model to separately
account for changes before and after the knot.’

The structural model forms relationships between growth factors and can be written as

Nie = Qc + Cica (2)

! For those interested in the specific matrix formulation in this example, the A, matrix used to define the factor loadings can be represented as
follows:

7z
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In this matrix, the second column defines the loadings of the first slope factor that captures the rate of change in measurements leading up to the knot
location. The third column defines the loadings of the second slope factor that captures the rate of change in measurements following the knot
location. The pre-knot slope does not impact measurements after the knot location, and vice versa. For a generalized expression of this matrix, re-
searchers are encouraged to consult Grimm et al. (2016).
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where a, is a vector of growth factor means, and ¢;. is a vector of residuals that express interindividual variation from a.. The complete
formulation of PGMMs under the structural equation modeling framework entails the combination of the measurement model (Eq. (1))
and the structural model (Eq. (2)). For more technical details about this complete form of PGMMs and the model-implied mean and
covariance structure, we refer readers to Appendix A.

3. Bayesian inference in piecewise growth mixture modeling

The Bayesian framework for statistical inference differs from the conventional frequentist framework in that prior information is
updated and then weighted by observed data to form posterior knowledge, which acts as the output of results. Utilizing the Bayesian
estimation framework for PGMMs enables researchers to manage computational challenges associated with the nonlinear nature and
large parameter space of PGMMs (Kohli, Hughes, et al., 2015).

A central tenet that underlies this updating process is the Bayes theorem:

(y19)p(0)

pOly) = Ws 3)

where 6 and y respectively represent all model parameters and the observed sample data. Eq. (3) states that the prior distribution, p(),
that represents prior knowledge about parameters, is updated to the posterior distribution, p(@|y), that represents our updated
knowledge via taking into account likelihood, p(y|@), that corresponds to information obtained from the sample data. The term in the
denominator of the right side of the equation, p(y), refers to the marginal likelihood that indicates the evidence and serves as the
normalizing constant in Bayesian estimation; hence, the formula in Eq. (3) usually reduces to p(|y)xp(y|0)p(f), meaning the posterior
distribution is proportional to the multiplication between the likelihood and prior distribution.

3.1. Prior specification for PGMMs

In Bayesian analysis, the role of prior distributions is crucial as they influence the final estimates of the model parameters.
Depending on the desired level of informativeness, prior distributions can be classified as either diffuse, weakly informative, or
informative. Researchers leverage different degrees of informativeness by adjusting the parameters of the prior distributions that we
normally refer to as hyperparameters. For example, the normal prior distribution is defined through a mean and a variance that act as
the distribution’s hyperparameters. Diffuse priors provide little information about parameter values, largely relying on observed data
for the updating process. Diffuse priors are often represented by a uniform distribution or a normal distribution with a very large
variance. Weakly informative priors provide partial knowledge about parameter values. They are usually represented as normal dis-
tributions with a smaller variance term than diffuse priors. Weakly informative priors are used when researchers still hope to
incorporate knowledge about parameters but do not want the prior distributions to have a substantial impact on the estimation
process. Informative priors reflect specific information about parameters and can be purposefully used by researchers. An example of
informative priors is a normal distribution with a smaller variance term than diffuse or weakly informative priors.

To implement Bayesian inference in PGMMs, it is necessary to define prior distributions for all unknown parameters. For linear-
linear PGMMs with one unknown knot location, the priors should be specified for five key parameters, including (a) mixture class
proportions, (b) latent means (i.e., means of growth factors), (c) variances of error terms associated with repeatedly measured vari-
ables, (d) latent covariance matrix (i.e., covariance of growth factors), and (e) knot location. Table 2 presents the notation, description,
and prior specification for these parameters. In addition, Appendix B details the hyperparameters of these prior distributions. An
important aspect to consider is that researchers can set these priors either identically or differently across different latent classes.

Table 2
Parameters and corresponding prior distributions in bayesian piecewise growth mixture models.
Parameter Notation  Description Prior Specification
Class proportion n The size of different latent classes Dirichlet distribution:
Z(di, ...,dc)
Factor mean Qe The mean of each growth factor (e.g., the intercept and the respective slopes) Normal distribution:

Y '(ﬂ,,m 0% )

Variance of error O, The variance of error terms associated with observed variables (e.g., repeatedly measured  Inverse gamma distribution:
terms outcome variables) N ];f(a,}u R b,,u)

Factor covariance ¥, The variances and covariances between growth factors Inverse Wishart distribution:
matrix IV (Y, v)

Knot location y The time at which transitions arise between separate developmental phases Uniform distribution:

7/(min(t) ,max(t) )
Truncated normal distribution:

,r(u,, af) 7 (min(t) ,max(t) )

Note. Details of notation for parameters and prior specifications are provided in Appendix B.
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3.2. Posterior computation

The final step in the Bayesian estimation of PGMMs is to obtain the posterior distribution. However, deriving the analytical form of
the posterior distribution via the Bayes theorem in Eq. (3) is often challenging in practice due to the integrations over the high-
dimensional parameter space, which is also the case for PGMMs. An alternative and practical approach is to approximate the pos-
terior distribution using random samples from the posterior distribution, where the Markov chain Monte Carlo (MCMC) estimation
algorithms such as the Gibbs sampler (Geman & Geman, 1984) are often used.

The Gibbs sampler generates a sequence of samples from the joint posterior distribution by iteratively drawing samples from the
conditional posterior distributions of each parameter given the current values of the other parameters (Geman & Geman, 1984). The
convergence of the Gibbs sampler is essential to obtain reliable and valid posterior estimates. After applying the MCMC algorithm,
samples from the initial iterations, often referred to as “burn-in” samples, may not be representative of the target posterior distribution.
These samples are discarded from the sequence of samples to avoid any potential bias. The remaining samples are then used for further
analysis. Next, assessing the convergence of the obtained posterior samples is an essential step in the MCMC process. A common

diagnosis tool for this purpose is the statistic R, also known as the potential scale reduction factor. The R statistic measures the po-
tential reduction in the scale of the parameter estimates when multiple chains are used in the MCMC simulation. It compares the
within-chain variability to the between-chain variability, and values close to 1 indicate convergence. Additionally, trace plots are a
useful visual measure to assess convergence (Gelman, Carlin, et al., 2014). By using these diagnostics tools, researchers can ensure that
the MCMC chains have adequately explored the posterior distribution and have reached convergence. Proper convergence assessment
is crucial to produce reliable and unbiased posterior estimates and to gain confidence in the validity of the Bayesian analysis results.

After confirming the evidence of convergence, the posterior distributions can be summarized by calculating key statistics such as
the posterior mean, posterior standard deviation, and credible intervals. These posterior summaries offer an understanding of the
estimated parameter values and their uncertainty within a Bayesian framework.

4. Methodological considerations of Bayesian PGMMs

Having established the theoretical foundations and motivation underlying the Bayesian approach to PGMMs, we now focus on key
methodological considerations in their implementation. Specifically, we introduce the topics of class separation, class enumeration,
and prior sensitivity. These topics have significant implications for the accurate estimation of latent classes and the interpretation of
substantive findings. We explore how these methodological considerations relate to the context of PGMMs.

4.1. Class separation

The first consideration is class separation, which pertains to how each latent class is similar to or distinct from one another in the
population (Depaoli, 2021; Henson et al., 2007). Researchers typically define class separation based on disparate parameter estimates
and substantive interpretations (Depaoli, 2021). Well-separated latent classes indicate that there is a clear distinction between in-
dividuals from different subpopulations. Conversely, poor class separation leads to ambiguous distinctions across classes, making the
latent groups more difficult to distinguish from one another.

Regarding PGMMs, this concept refers to the level of overlap observed among separate growth trajectories or placement of knots
associated with different latent classes. Consider the hypothetical example in Fig. 1b. We observe that their initial outcome levels (i.e.,
students’ math examination scores) differ by 40 units. After this initial time point, there is no further overlap between the two classes
(i.e., high-achieving group and low-achieving group) in their respective growth trajectories. In addition, their growth trends exhibit
distinct patterns. As such, we can claim that these latent classes do not overlap, and hence, are dissimilar to each other in terms of the
growth trajectories. We point out that the two classes in Fig. 1b share the same knot location. Although knot locations can be pre-
determined due to study design (e.g., intervention), they can be estimated from the data. In this regard, the dissimilarity between latent
classes can also be linked to the placement of knots. If there are two classes where Classes 1 and 2 have respective knot locations
estimated at the second and fifth time points, these two classes are considered dissimilar in terms of knot placement.

When latent classes exhibit higher degrees of class separation, little to no overlap is expected for individual trajectories or knot
locations across classes, resulting in distinct parameter estimates for each latent class. Conversely, poor class separation is defined
through substantial overlap between classes, making class-specific parameters difficult to distinguish from one another. For instance,
let’s say a school psychology researcher applies a Bayesian PGMM to a group of students with ADHD to identify latent classes and
describe their executive functioning abilities each semester. The researcher especially aims to differentiate between attentive-ADHD
and hyperactive-ADHD by fitting a two-class model based on substantive theory. In this case, it is likely that the parameter estimates
for these two classes are very close, and accordingly, the growth trajectories of students with attentive-ADHD and hyperactive-ADHD
are similar, reflecting poor class separation. Therefore, distinguishing between the classes and understanding the unique needs of each
group becomes challenging.

Class separation can be determined in a variety of ways. Visually, separation is easiest to see if intercepts or slopes are quite
different across the classes. In that case, separation would be in terms of the latent factor means. However, there can also be separation
in the structural part of the model, for example, in the covariance matrix for the latent growth factors. Regardless of how separation is
defined, under conditions of poor class separation the risk of mislabeling individual cases to the “wrong” class increases and it becomes
more difficult to substantively define latent classes as being different when they overlap so heavily with one another. In addition,
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convergence issues may arise, particularly in cases of poor class separation when sample sizes are small in one or more of the classes
(Tofighi & Enders, 2008; Tueller & Lubke, 2010). To address these challenges, larger sample sizes are generally recommended as they
improve class identification, facilitate obtaining reliable parameter estimates, and achieve better convergence (Depaoli, 2013; Tol-
vanen, 2007; Tueller & Lubke, 2010; van de Schoot et al., 2015).

When obtaining a larger sample size is challenging, Bayesian estimation can aid in recovering accurate parameter estimates.
Methodological literature has shown that even with class sizes as low as 20, Bayesian methods can still effectively recover parameters
(e.g., Zhang et al., 2007). Research on linear and quadratic growth mixture models has demonstrated that using informative priors can
assist in accurately recovering latent classes and parameter estimates, particularly when latent classes are poorly separated (Depaoli,
2013). However, if information about parameters is limited and the use of informative priors is not feasible, relying on diffuse prior
specifications yields poor recovery (Depaoli, 2013).

Importantly, the sample size challenge extends beyond absolute sample sizes; relative sample sizes across latent classes are also an
important factor. For instance, if there is a minority latent class that is relatively smaller than the other classes, the recovery of this
minority latent class becomes difficult (Depaoli, 2013; Tofighi & Enders, 2008). The incorporation of prior distributions is helpful in
the context of a minority latent class, but prior impact is increasingly important in this case (Depaoli, 2013; Depaoli et al., 2017). These
considerations emphasize the need to address class separation in relation to prior sensitivity, which is discussed later. Furthermore,
given the complexity of PGMMs, the construction of generalized sample size requirements for accurate modeling and estimation is
vexingly compounded. There are a variety of aspects that affect whether such a result can be generalized. We discuss this topic in more
detail in the Discussion.

4.2. Class enumeration

Another important consideration is class enumeration, which refers to properly determining the number of latent classes in the
sample data (Depaoli, 2021; Muthén, 2004; Nylund et al., 2007). Class enumeration is closely tied to class separation. When latent
classes are clearly separated, researchers can easily define them as distinct classes and determine the number of classes. However,
poorly separated classes are more challenging to define accurately, making it difficult to identify the number of latent classes. Recall
our ADHD example in the class separation above where a researcher applies a two-class PGMM to a group of students with ADHD based
on substantive theory. If the parameter estimates for these two classes are very close in describing the piecewise growth trajectories of
executive functioning abilities, this reflects poor class separation. Assuming there are two latent classes (i.e., attentive-ADHD and
hyperactive-ADHD) at the population level, it is challenging to accurately determine that there are indeed two distinct classes.
Therefore, the low class separation makes it difficult to determine the true number of latent classes and complicates the class
enumeration.

The decision regarding the number of classes can be understood as a model evaluation process using information criteria. The
model with the true number of latent classes according to the population is assumed to best represent the data from a set of competing
solutions (McLachlan & Peel, 2000). For example, a researcher may attempt to find a final model solution by estimating two-class,
three-class, and four-class solutions. Then, substantive considerations together with statistical criteria can aid the researcher in
determining the final model to interpret.

Examples of information criteria are the Bayesian information criterion (BIC; Schwarz, 1978), deviance information criterion (DIC;
Spiegelhalter et al., 2002), Watanabe-Akaike information criterion (WAIC; Watanabe, 2010), and leave-one-out cross-validation in-
formation criterion (LOOIC; Gelman, Carlin, et al., 2014; Vehtari et al., 2017), which should be used for model selection along with
substantive considerations. These indices are briefly illustrated in the following paragraph.

The BIC approximates the Bayes factor (Kass & Raftery, 1995) and is popular for model selection in both frequentist and Bayesian
applications. The BIC evaluates the likelihood as a measure of model fit and penalizes the model complexity that is dependent on both
sample size and the number of parameters. The formulation of the BIC relies on maximum likelihood estimates of model parameters
and does not consider the posterior distribution. For this reason, the BIC cannot be considered purely Bayesian (Gelman, Hwang, &
Vehtari, 2014). A measure that aligns more closely with Bayesian principles is the DIC that is formulated based on Bayesian deviance as
a measure of model fit. Compared to the BIC, the DIC can prevent over-penalizing the model complexity because the DIC can only
include the effective number of parameters. However, the DIC is criticized because it assumes the normality of the posterior distri-
bution (Spiegelhalter et al., 2002). In addition, some have argued that the DIC is partially Bayesian (e.g., Liang & Luo, 2020) because it
evaluates a model when parameter estimates are fixed to posterior means and hence does not consider the entire posterior distribution.
The WAIC and LOOIC are information criteria that are considered fully Bayesian because both indices consider the entire posterior
distribution. The WAIC assesses the predictive performance of a model by evaluating the likelihood using posterior estimates.
Conversely, the LOOIC is based on the idea of cross-validation within the Bayesian framework to examine how well a model can predict
the observed data. Specifically, the LOOIC evaluates the performance of a model to predict a data point using data that exclude that
certain data point. When deciding the number of latent classes to retain, models with the lowest values of the information criteria are
considered optimal and hence favored.

In the Bayesian PGMM literature, the BIC is the only index that has been used for class enumeration purposes in applied research.
For instance, Kohli, Hughes, et al. (2015) employed the BIC to evaluate one-, two-, and three-class solutions and ultimately selected the
two-class solution based on the lowest BIC value and substantive theories. Further adoption of other Bayesian model selection indices
such as the DIC, WAIC, and LOOIC in guiding model selection for PGMMs holds promise for enhancing the process of class enumeration
in substantive research.

The methodological performance of the DIC, WAIC, and LOOIC, which are truer “Bayesian indices” given their specification based
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on the posterior distribution (Gelman, Hwang, & Vehtari, 2014), has not been extensively studied within the context of PGMMs.
Instead, we found two studies that could be of relevance. A related study by Depaoli et al. (2023) focused on a PGMM with a single
latent class, referred to as a piecewise growth curve model (i.e., not a mixture). They used the BIC and DIC as model selection indices to
detect misspecifications in knot locations and growth trajectories. The findings suggested that the DIC outperformed the BIC,
particularly when knot locations were ignored. In addition, a minimum sample size of 300 was necessary for both indices to reliably
detect model misspecification.

Kim et al. (2021) examined the performance of the DIC, WAIC, and LOOIC in the context of linear growth mixture models, where
the assumption of normality for outcome variables was violated, and the model was estimated based on conditional medians. For a
normal mixture, results indicated the DIC, WAIC, and LOOIC performed comparably well in detecting the correct number of latent
classes. However, in the presence of outliers, the WAIC and LOOIC more accurately detected the number of latent classes compared to
the DIC.

4.3. Prior sensitivity

The last consideration surrounds the specification of prior distributions. The nontrivial role of prior distributions, particularly in
linear growth mixture models, has been extensively explored in previous studies (e.g., Depaoli, 2013; Depaoli et al., 2017) that
highlighted the need for thoughtful consideration when eliciting and incorporating prior knowledge into mixture modeling. Prior
distributions can be advantageous in recovering latent classes and obtaining true model parameters (Depaoli, 2013). In addition,
incorporating prior information into the estimation can mitigate convergence issues when dealing with small total sample sizes or
latent classes that contain relatively few cases compared to larger classes (Tofighi & Enders, 2008; Tueller & Lubke, 2010).

Importantly, there are caveats to consider when implementing priors. The choice of prior specifications can significantly impact the
results of mixture models (Depaoli, 2013; Depaoli et al., 2017). Depaoli (2013) found that specifying diffuse priors yielded inaccurate
parameter estimates, whereas accurately specifying informative priors successfully recovered the true class mixture proportions.
Therefore, understanding the role of priors in addressing substantive theories is crucial to ensuring the robustness and stability of the
obtained results. It is strongly suggested and recommended that researchers conduct analyses under different prior settings and
compare the results to evaluate the impact of these specifications on their conclusions. As discussed by van de Schoot et al. (2018),
researchers should openly discuss the potential instability of results arising from different prior settings and carefully reassess the
alignment between proposed Bayesian mixture models and substantive theories.

In the context of PGMMs, prior distributions can aid in improving the accuracy of describing piecewise growth trajectories,
identifying disparate estimates across classes, and determining the number of classes. The inclusion of additional parameters such as
knot locations or separate growth means (Depaoli et al., 2023; Kohli, Hughes, et al., 2015) adds complexity to prior specification.
Priors for growth factor means and knot locations have received relatively less attention in both methodological and applied research
within the context of PGMMs. Although previous studies such as Depaoli et al. (2023) and Heo et al. (2024) have explored priors for
growth factor means within the framework of a piecewise growth curve model (i.e., a PGMM with a single-class solution) for model
evaluation purposes, minimal impact of priors on slope trajectories was found. Priors for knot locations, which indicate the timing of
changes in separate developmental trajectories, have primarily been utilized as diffuse priors (Kohli, Hughes, et al., 2015). The
exploration of the effects of different prior settings on class proportions in Bayesian PGMMs remains understudied.

To illustrate the importance of prior sensitivity in an applied context, consider our ADHD example. Depending on how the priors for
mixture proportions are specified, the resulting number of classes can vary. For instance, depending on the informativeness of priors (e.
g., diffuse or informative priors), the model might suggest two classes (e.g., attentive-ADHD, hyperactive-ADHD), or it is possible that a
third class could emerge, indicating a more nuanced differentiation within the ADHD population. Priors can also be specified for
separate growth trajectories (e.g., latent means) across classes. These priors can influence the final model estimates and potentially
alter the determination of the number of classes. Although this example is purely for showcasing the sensitivity of PGMMs to prior
specifications, we reiterate the need for careful consideration and justification of priors in real research settings.

5. Empirical application

To address methodological concerns and demonstrate the practical application of Bayesian PGMMs, we conducted an analysis using
data from the Early Childhood Longitudinal Studies-Kindergarten Cohort of 1998 (ECLS-K) study. The ECLS-K study was a compre-
hensive investigation that examined various aspects of children’s early school experiences. Our specific focus was on exploring the
trajectory of students’ mathematics achievement from kindergarten to eighth grade. Not only is math achievement an important
educational outcome, but it is associated with factors such as family environment and cognitive development, making it a good
construct for the current illustration (Garon-Carrier et al., 2018; Siegler et al., 2012).

Notably, previous research has suggested that mathematics achievement follows a piecewise functional growth pattern charac-
terized by two distinct linear segments (Kohli, Sullivan, et al., 2015). This indicates that there may be qualitatively distinct sub-
populations within this population, with different growth trajectories. By employing a Bayesian PGMM, we can identify these latent
classes, describe piecewise trajectories under each latent class, and further examine, for example, whether factors such as family
environment influence these groups differently. In this context, we employed a Bayesian PGMM to investigate latent classes within the
domain of mathematical achievement, aiming to contribute to educational research. By identifying subgroups within the student
population, we can deeply investigate diverse learning profiles and specific needs.



I Heo et al. Journal of School Psychology 107 (2024) 101366

5.1. Data and measures

The dataset consisted of nationally representative data from the United States collected from children who began kindergarten in
the 1998-1999 academic year. Data were repeatedly collected at seven time points, including fall and spring of kindergarten, fall and
spring of first grade, spring of third grade, spring of fifth grade, and spring of eighth grade. The original dataset included 21,407
participants from diverse socioeconomic, racial, and ethnic backgrounds. For our analysis, we randomly selected a subsample of 500
children who had complete responses for mathematics item response theory (IRT) scores. The sample size of 500 was chosen because it
was the medium sample size that can be typically encountered in literature on piecewise modeling (e.g., Kohli et al., 2016). For this
chosen sample of 500 children, we ensured there were no missing values.” The math IRT scores served as our target observed variable,
representing a measure of mathematics achievement. Demographic information of our analytic sample was as follows: 53.4% of our
sample were female; 82.6% attended public schools; 66.2% were White, 10.2% were black, 13.8% were Hispanic, 4.2% were Asian,
and the remaining 5.6% represented other races or ethnicities.

5.2. Analytic procedures

The analysis of our sample of 500 children involved considering three different mixture class solutions within the PGMM frame-
work, including one-class, two-class, and three-class models. We coded the time variable as 0, 0.5, 1, 1.5, 3.5, 5.5, and 8.5, corre-
sponding to the fall and spring of kindergarten, fall and spring of first grade, spring of third grade, spring of fifth grade, and spring of
eighth grade, respectively. We did not predetermine knot locations; instead, we allowed them to be freely estimated.

Our analysis consisted of two main steps. In the first step, we fitted three PGMMs (i.e., one-class, two-class, and three-class so-
lutions) using common diffuse prior settings, as described in Merkle and Rosseel (2018) and listed in Appendix B. For the latent class
proportions, we used a Dirichlet prior with hyperparameters of 1 s as diffuse priors. We interpreted the results, evaluated class sep-
aration and enumeration, and selected the final model based on both statistical criteria and substantive interpretations. We proceeded
with analyses using the diffuse prior settings to mirror scenarios commonly encountered by researchers who lack prior knowledge.
When prior knowledge is available, researchers can create prior distributions based on that information and implement either
informative or weakly informative priors by adjusting the level of informativeness accordingly. An instrumental task is to examine the
robustness of the results under different prior specifications via a prior sensitivity analysis, which we detail next.

In the second step, we conducted a prior sensitivity analysis by specifying informative and weakly informative priors to account for
the impact of different prior specifications on the results. A detailed presentation of the prior distributions is provided in Table 3. For
the one-class or two-class PGMMs, we referred to a previous study in school psychology (Kohli & Sullivan, 2019) to derive our
informative and weakly informative priors. In the case of a three-class PGMM, where prior knowledge was lacking, we empirically
derived prior distributions through a pilot analysis. Specifically, we randomly selected half of the dataset and fitted a three-class
PGMM using the maximum likelihood estimation framework using Mplus (L. K. Muthén & Muthén, 1998-2017). Subsequently, the
obtained parameter estimates were taken into account to specify priors for the three-class PGMM. The parameters we considered for
the prior sensitivity analysis were the latent class mixture proportions and latent growth factor means (which form the estimated
growth trajectories).’

For the latent class proportions of the two-class PGMM, we specified informative priors based on estimated class proportions from
Kohli and Sullivan (2019). As for weakly informative priors, the hyperparameter values were derived from informative and diffuse
prior settings. For instance, the informative prior for the latent class proportions was Z(0.24,0.76), which assumed 24% and 76% of
assignments to Class 1 and Class 2, respectively. The diffuse prior was (1, 1), which assumed 50% to 50% of assignments to each
latent class. Then, we took the average of the proportions for each class from the informative and diffuse priors to compute the weakly

informative prior: & (0245&7 %) = 9/(0.37,0.63), indicating 37% and 63% of assignments to each latent class. The same

procedure was applied to determine informative and weakly informative priors for the three-class PGMM. Using the estimated class
proportions from pilot analysis, the informative prior was #(0.21,0.29,0.50), which assumed 21%, 29%, and 50% of assignments to
Class 1, Class 2, and Class 3, respectively. The diffuse prior was &(1,1,1), which assumed that 33%, 33%, and 33% of assignments to
each latent class. Then, the weakly informative prior distribution was calculated by taking the average such that

g <°'21§°'33, 0.29 053 0'5°§°'33> = 2(0.27,0.31,0.42), which indicated 27%, 31%, and 42% of assignments to each latent class.

For the growth factor means of the two-class PGMM, the centers of the normal prior distributions were set as the maximum
likelihood estimates from Kohli and Sullivan (2019). For the three-class PGMM, we used the maximum likelihood estimates obtained
from pilot analysis. The variance hyperparameters for both the two-class and three-class PGMMs were fixed at 0.05 for informative

2 We opted to select complete cases (as opposed to those with missing data present) for demonstration purposes. That decision allowed us to focus
more technical efforts on the Bayesian estimation elements, as well as model result interpretation for PGMMs. However, we note here that PGMMs
and the Bayesian framework can handle missing data situations. In particular, the Bayesian estimation framework treats missing data via data
augmentation (Tanner & Wong, 1987). In that case, the missing data are “filled in” throughout the Bayesian estimation process (Enders, 2022). For
more information on this topic, we refer the reader to Daniels and Hogan (2008) and Enders (2022).

% Rather than disentangling the impact of each prior distribution, we simultaneously manipulated priors on both the growth factor means and the
latent class proportions. We thus examined the magnitude of change in the estimates of these parameters.
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Table 3
Informative and weakly informative prior specifications for one-, two-, and three-class PGMMs.
Informative Priors Weakly Informative Priors
One-Class Two-Class Three-Class One-Class Two-Class Three-Class
Class Proportion 2(0.24,0.76) 2(0.21,0.29,0.50) 2(0.37,0.63) 2(0.27,0.31,0.42)
Class 1
I, Mean (27.08,0.05) 1(21.83,0.05) 1(22.59,0.05) 17(27.08,0.1) 17(21.83,0.1) 17(22.59,0.1)
S1, Mean 47(22.46,0.05) 1(17.14,0.05) 1(22.32,0.05) 7(22.46,0.1) 47(17.14,0.1) 7(22.32,0.1)
2, Mean A7(5.64,0.05) 17(7.07,0.05) 1°(8.70,0.05) (5.64,0.1) A4(7.07,0.1) (8.70,0.1)
Class 2
I, Mean 1(29.16,0.05) 1(36.80,0.05) 17(29.16,0.1) 17(36.80,0.1)
S1, Mean 1(23.92,0.05) (2476, 0.05) 7(23.92,0.1) A(24.76,0.1)
S2, Mean 1(5.42,0.05) 1(4.90,0.05) A7(5.42,0.1) 17(4.90,0.1)
Class 3
I, Mean (2156, 0.05) 17(21.56,0.1)
S1, Mean 1(20.26,0.05) 17(20.26,0.1)
$2, Mean 1(4.90,0.05) 17(4.90,0.1)

Note. I = Intercept; S1 = Slope 1 (slope of the first phase); S2 = Slope 2 (slope of the second phase).

priors and 0.1 for weakly informative priors, based on Depaoli et al. (2020).

In all Bayesian analyses, we used the R jagsUI package, which wrapped the rjags package and integrated the JAGS software into the
R environment (Kellner, 2021; Plummer, 2016; Plummer et al., 2003). This integration provided a flexible and efficient platform for
conducting Bayesian inference in our proposed PGMMs. We implemented the Gibbs sampler with a single chain to obtain samples from
the posterior distribution.” Specifically, for the one- and two-class PGMMs, we performed 70,000 iterations with a burn-in period of
10,000 samples. For the three-class PGMM, we increased the number of iterations to 112,000, with a burn-in period of 52,000 samples.
The choices behind the number of iterations and length of burn-in was determined after conducting several preliminary tests and
visually inspecting convergence using trace plots. To assess the convergence of the chains, we monitored the R statistics, which is a
numerical measure commonly used for chain convergence evaluation (Vehtari et al., 2021).° By considering these measures and
adjusting the lengths of the iterations and burn-in samples, we made sure that our chains adequately converged. To facilitate the
application of Bayesian PGMM methods, we have made the R, JAGS, and Mplus code available in the Open Science Framework (OSF)
materials.®

6. Results

6.1. Convergence

We first fitted three PGMMs under the diffuse prior settings. According to the results, all parameters had R statistics lower than 1.1,
indicating adequate evidence of convergence. An additional two models (i.e., PGMMs under informative and weakly informative prior

settings) fitted for prior sensitivity analysis also indicated evidence of convergence according to the R statistic.

6.2. Model estimation results

We present the results of the one-class PGMM using diffuse prior distributions in Table 4, which includes posterior means, posterior
standard deviations, and 95% credible intervals for the estimated parameters. The average mathematics IRT score at kindergarten (i.e.,
the intercept mean) was 27.361. The growth trajectory of mathematics achievement from kindergarten to eighth grade was divided
into two phases. In the first phase (i.e., S1: the slope of the first phase), the mathematics IRT scores increased rapidly by an average of
21.739 per unit of time until the knot location at 4.231. In the second phase after the knot location (i.e., S2: the slope of the second
phase), the increase in scores slowed to an average of 5.740 per unit of time. The estimated knot location of 4.231 indicates that the
transition from the first phase to the second phase of development occurred between the fall and spring of the fourth grade. The

4 We used a single chain to avoid label switching, which refers to the arbitrary rearrangement of latent class order (Jasra et al., 2005; Stephens,
2000). However, label switching can even occur when sampling from a single chain switches back and forth from different latent classes. Therefore,
we additionally inspected trace plots of latent class proportions and implemented the equivalence classes representatives algorithm (Papastamoulis,
2016). For alternative approaches to handle label switching, researchers may refer to Depaoli (2021), Tueller et al. (2011), and Yao and Lindsay
(2009).

5 We implemented the single-chain computation of the R statistics following Mplus because it aligned with our goals for avoiding between-chain
label switching. After discarding the burn-in samples, we split the remaining samples in half and treated these two halves as two separate chains for
computing the R statistics. For more on how Mplus implements the R statistics in single-chain situations and associated issues, see Asparouhov and
Muthén (2010), Depaoli (2021), and Vats and Knudson (2021).

6 https://osf.io/udrb8/.
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Table 4
Parameter estimates for a one-class PGMM.

Diffuse Priors

M SD 95% CI
I, Mean 27.361 0.499 [26.379, 28.337]
S1, Mean 21.739 0.220 [21.310, 22.169]
S2, Mean 5.740 0.191 [5.369, 6.115]
Knot, Mean 4.231 0.039 [4.153, 4.307]
1, Variance 100.979 7.919 [86.348, 117.411]
S1, Variance 16.479 1.425 [13.845, 19.432]
S2, Variance 5.425 0.880 [3.777, 7.228]
Ccov(, Ss1) 20.892 2.448 [16.197, 25.800]
Ccov(, s2) —16.682 1.886 [-20.516, —13.127]
COV(S1, S2) —4.677 0.876 [-6.474, —3.029]
Error Variance 7.624 0.127 [7.382, 7.880]

Note. M = Posterior Mean; SD = Posterior Standard Deviation; CI = Credible Interval; I = Intercept; S1 = Slope 1 (slope of the first
phase); S2 = Slope 2 (slope of the second phase); Knot = Knot Location; COV = Covariance.

variances of the intercept, the first slope, and the second slope were 100.979, 16.479, and 5.425, respectively. These results suggest
there was large variability in the initial math IRT scores compared to the first and second slopes.

Table 5 presents a summary of posterior inference for the two-class PGMM under diffuse priors, highlighting the distinct trajectories
of mathematics achievement for students in two latent classes. According to the estimated class proportions, about 58.2% and 41.8% of
students were classified to Class 1 and Class 2, respectively. Students belonging to Class 2 demonstrated higher initial mathematics IRT
scores, characterized by an intercept mean of 34.227, whereas students in Class 1 had an intercept mean of 22.515. Moreover, students
in Class 2 demonstrated a greater increase in mathematics IRT scores before the knot location, with an average increase of 24.909 per
additional year, compared to an increase of 19.321 for students in Class 1. After the knot location, growth rates slowed down in both
classes. Students in Class 2 showed an average increase of 5.189, whereas students in Class 1 had an increase of 5.913, which suggested
that students in Class 1 had a higher rate of increase in mathematics achievement during the second developmental phase as compared
to students in Class 2. The knot location for Class 2 was estimated to be at 4.038, indicating that a transition happened right after the
fall of the fourth grade. In contrast, students in Class 1 experienced a change of rate a semester later at 4.530, corresponding to a time
point right after the spring of the fourth grade. These results indicate that students in Class 2 showed a higher level of mathematics
achievement upon entering kindergarten and experienced greater rates of increase during the first developmental phase, compared to

Table 5
Parameter estimates for a two-class PGMM.

Diffuse Priors

M SD 95% CI
Class 1
I, Mean 22.515 0.512 [21.500, 23.510]
S1, Mean 19.321 0.450 [18.429, 20.195]
S2, Mean 5.913 0.289 [5.333, 6.470]
Knot, Mean 4.530 0.080 [4.377, 4.693]
1, Variance 27.059 4.715 [18.487, 36.945]
S1, Variance 15.043 2.027 [11.441, 19.414]
S2, Variance 8.542 1.455 [5.918, 11.657]
Ccov(l, S1) 9.457 2.118 [5.370, 13.739]
CoV(l, S2) —4.888 1.756 [—8.394, —1.496]
COV(S1, S2) —4.280 1.224 [-6.794, —1.988]
Error Variance 6.489 0.186 [6.128, 6.857]
Class Proportion 0.582 0.047 [0.487, 0.670]
Class 2
I, Mean 34.227 1.233 [31.889, 36.734]
S1, Mean 24.909 0.388 [24.144, 25.667]
S2, Mean 5.189 0.385 [4.442, 5.956]
Knot, Mean 4.038 0.066 [3.909, 4.167]
1, Variance 116.674 16.373 [87.818, 151.701]
S1, Variance 5.291 1.671 [2.453, 8.985]
S2, Variance 3.273 1.174 [1.440, 6.047]
cov(, S1) 0.905 4.269 [-7.541, 9.382]
Cov(l, S2) —16.268 3.652 [—24.053, —9.682]
COV(S1, S2) —1.987 1.185 [—4.674, —0.067]
Error Variance 8.523 0.246 [8.065, 9.033]
Class Proportion 0.418 0.047 [0.330, 0.513]

Note. M = Posterior Mean; SD = Posterior Standard Deviation; CI = Credible Interval; I = Intercept; S1 = Slope 1 (slope of the first
phase); S2 = Slope 2 (slope of the second phase); Knot = Knot Location; COV = Covariance.
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students in Class 1. The variances of the intercept were 27.059 for Class 1 and 116.674 for Class 2, indicating a much larger variability
of the initial mathematics scores for students in Class 2. However, the variances of the first slope were 15.043 for Class 1 and 5.291 for
Class 2, and those of the second slope were 8.542 for Class 1 and 3.273 for Class 2. These values indicate larger variability in both
slopes for students in Class 1 as compared to Class 2.

Parameter estimates for the three-class PGMM under diffuse prior specifications are displayed in Table 6. About 47.0%, 42.4%, and
10.6% of students, respectively, were classified to Class 1, Class 2, and Class 3. Among these classes, students in Class 2 showed the
highest initial level of mathematics scores, with the intercept mean of 34.071, compared to students in Class 1 (23.814) and Class 3
(16.317). In addition, students in Class 2 demonstrated a substantial increase during the first phase, with an average increase of 24.497
per additional year, compared to students in Class 1 (19.996) and Class 3 (17.729). In the second phase, students in Class 1 exhibited
the highest increase of 6.178 per year on average, compared to students in Class 2 (5.229) and Class 3 (—0.511). For Class 1 and Class 2,
a similar pattern of mathematics achievement development was observed characterized by a substantial increase in the first phase
followed by a slower rate of change in the second phase. For Class 3, however, mathematics achievement decreased in the second
development phase. The estimated knot location for students in Class 2 was the fastest at 4.100, which corresponds to a transition from
the fall to the spring of the fourth grade. Students in Class 1 had a changepoint at 4.238, which is again between the fall and spring of
the fourth grade but a bit delayed compared to Class 2. Students in Class 3 had the slowest knot location at 6.214, being between the
fall and spring of the sixth grade. Of note, students in Class 2 demonstrated the most prominent mathematics achievement, with the
highest initial level and the highest rate of increase during the first phase. Between the three classes, students in Class 2 had the largest
variability at the initial level (122.454), followed by those in Class 1 (11.261) and Class 3 (8.867). The variability at the first slope was
the greatest for students in Class 1 (19.594), followed by those in Class 2 (5.626) and those in Class 3 (5.270). The variability at the
second slope was the greatest in Class 1 (8.022), followed by those in Class 3 (6.998) and in Class 2 (4.090).

Table 6
Parameter estimates for a three-class PGMM.

Diffuse Priors

M SD 95% CI
Class 1
I, Mean 23.814 0.530 [22.782, 24.853]
S1, Mean 19.996 0.561 [18.953, 21.153]
S2, Mean 6.178 0.344 [5.489, 6.840]
Knot, Mean 4.238 0.088 [4.060, 4.409]
1, Variance 11.261 4.082 [4.756, 20.978]
S1, Variance 19.594 2.961 [14.446, 26.016]
S2, Variance 8.022 1.580 [5.228, 11.423]
cov(, s1) 12.346 2.419 [7.695, 16.833]
cov(, S2) —4.853 1.785 [-8.335, —1.335]
COV(S1, S2) —5.243 1.504 [—8.442, —2.529]
Error Variance 6.426 0.231 [5.976, 6.883]
Class Proportion 0.470 0.048 [0.374, 0.560]
Class 2
1, Mean 34.071 1.195 [31.834, 36.499]
S1, Mean 24.497 0.399 [23.711, 25.277]
S2, Mean 5.229 0.404 [4.432, 6.035]
Knot, Mean 4.100 0.067 [3.967, 4.230]
1, Variance 122.454 16.696 [93.045, 158.379]
S1, Variance 5.626 1.771 [2.501, 9.421]
S2, Variance 4.090 1.200 [2.054, 6.744]
cov(, S1) 2.696 4.227 [-5.687, 10.944]
cov(, S2) —18.903 3.761 [-26.935, —12.165]
COV(S1, S2) —2.581 1.182 [-5.105, —0.497]
Error Variance 8.592 0.256 [8.124, 9.130]
Class Proportion 0.424 0.044 [0.341, 0.512]
Class 3
1, Mean 16.317 1.013 [14.384, 18.518]
S1, Mean 17.729 0.581 [16.545, 18.767]
S2, Mean —0.511 3.966 [-8.073, 5.381]
Knot, Mean 6.214 0.473 [5.397, 6.932]
1, Variance 8.867 6.072 [1.188, 24.106]
S1, Variance 5.270 2.041 [2.207, 10.294]
S2, Variance 6.998 8.122 [0.271, 29.653]
Ccov(, S1) 5.119 2.369 [1.176, 10.475]
cov(, s2) 1.042 4.466 [—8.264, 10.594]
COV(S1, S2) —0.415 2.742 [—7.241, 3.648]
Error Variance 5.895 0.391 [5.154, 6.706]
Class Proportion 0.106 0.029 [0.062, 0.166]

Note. M = Posterior Mean; SD = Posterior Standard Deviation; CI = Credible Interval; I = Intercept; S1 = Slope 1 (slope of the first
phase); S2 = Slope 2 (slope of the second phase); Knot = Knot Location; COV = Covariance.
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6.3. Class separation

We evaluated class separation based on trajectory plots and differences in parameter estimates between latent classes. In Fig. 2, we
present the individual and estimated trajectories for both the two- and three-class PGMMs. The upper two plots (i.e., Plots 2a and 2b)
illustrate the two-class PGMM, with the solid line representing Class 1 and the dotted line representing Class 2. The lower two plots (i.
e., Plots 2c and 2d) correspond to the three-class PGMM, with the dotted line still denoting Class 2, whereas the solid line and the
dashed line represent Class 1 and Class 3, respectively. Plots on the left (i.e., Plots 2a and 2c) display individual trajectories, whereas
those on the right (i.e., Plots 2b and 2d) describe the estimated mean trajectories.

The analysis of the two-class solution demonstrates a substantial distinction between the two latent classes. In Plots 2a and 2b, we
observed a higher intercept and a steeper growth rate in the first slope in Class 2, whereas Class 1 showed a lower starting point and a
less steep growth rate in the first slope. During the second phase after the knot location, the trajectories of these two classes displayed
minimal overlap. This distinction substantively tells that Class 2 can be described as a high-achieving group whereas Class 1 can be
represented as a low-achieving group. A high degree of class separation was corroborated by statistical elements in Table 5 such that,
for instance, estimates of the intercept and first slope were higher for Class 2 compared to Class 1. The two-class solution effectively
captures the distinct nature of the two latent classes.

For the three-class solution, we encountered a different scenario. According to Plots 2c and 2d, Class 2 was clearly separated from
both Class 1 and Class 3. However, the distinction between Class 1 and Class 3 was less pronounced, making it difficult to discern their
growth trajectories. In addition, these two classes overlapped around the sixth and seventh grades according to the estimated mean
trajectories in Plot 2d. This observation suggests that Class 1 and Class 3 may be duplicates of one another and hence may have
originated from the same population. These findings were supported by the parameter estimates in Table 6. For instance, Class 2
displayed higher estimates for the intercept and the first slope compared to the other two classes. Consequently, substantively justi-
fying three latent classes is more challenging.

6.4. Class enumeration

Determining the “optimal” number of latent classes involves consideration of both statistical criteria and substantive interpretation.
In our analyses, we assessed the fit of three PGMMs using information criteria such as DIC, WAIC, and LOOIC. For each of the one-class,
two-class, and three-class PGMMs, the DIC values were 27,461.47, 26,907.42, and 26,980.58, respectively; the WAIC values were
24,935.13, 24,686.54, and 24,607.19, respectively; and the LOOIC values were 25,535.13, 25,247.44, and 25,174.84, respectively.
Based on these results, the three-class PGMM was preferred by the WAIC and LOOIC, whereas the two-class PGMM was preferred by
the DIC. Although two of the statistical criteria favored the choice of the three-class solution, it is important to consider the substantive
interpretation of the latent classes. Upon revisiting the class separation issue, Class 1 and Class 3 were less pronounced from one
another as compared to the more intuitively distinct two-class solution for the PGMM.

Based on class separation, class enumeration, and substantive interpretations, we selected the two-class solution for our subsequent
prior sensitivity analysis due to its clearer and more interpretable distinction between the latent classes. In practice, researchers may
arrive at different conclusions, which is perfectly appropriate given the subjective nature of latent class modeling.

Upon selecting and justifying the final model solution, it is important to assess the robustness of results under different sets of prior
distributions. We conducted a prior sensitivity analysis under different prior specifications to further examine the influence of the prior
settings specified. In particular, we examined whether parameter estimates of the two-class solution became disparate or not under
weakly-informative and informative prior settings.

6.5. Prior sensitivity

Table 7 displays the results of the prior sensitivity analysis for the two-class PGMM. We focused on the estimates of the intercept,
first slope, second slope, and class proportion because these were the parameters that we modified priors for. Compared to the results
under the diffuse prior settings in Table 5, when weakly informative priors were used, the initial level of mathematics achievement
decreased for both classes. For example, the mean of the intercept for Class 2 decreased from 34.227 to 29.561. Similar decreases in
estimates were observed for the first slopes of both classes. The second slopes, however, increased from 5.913 to 6.552 for Class 1 and
from 5.189 to 5.489 for Class 2. Despite these observed differences, the substantive interpretation of the latent classes remained intact
such that Class 2 still represented the high-achieving group and Class 1 represented the low-achieving group. A more drastic change
under weakly informative prior settings was the class proportion. Previously, more than half of the students (58.2%) were assigned to
Class 1, which was defined as the low-achieving group. However, under the weakly informative prior settings, approximately 40.9%
and 59.1% of the students were assigned to Class 1 and Class 2, respectively. This shift is noticeable as it substantively suggested that
less than half of the students (40.9%) were assigned to the low-achieving group. When informative priors were specified, the estimates
of the intercept, first slope, and second slope were comparable to those under the weakly informative prior settings. However, for the
latent class proportion, an even smaller proportion of students belonged to Class 1 with about 39.3% of students, as compared to about
60.7% of students who belonged to Class 2. These findings indicate that as the degree of informativeness increased, the latent class
proportion shifted a lot in a way that less than 40% of students were classified as the low-achieving group. Finally, for growth factor
means and latent class proportions, the posterior standard deviations decreased and the width of the 95% credible intervals became
narrower as the informativeness of the prior distributions increased.

It is crucial to acknowledge that different prior settings can indeed influence the estimates of the model, including knot locations in
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(a) Individual Trajectories for Two Classes (b) Estimated Trajectories for Two Classes
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Fig. 2. Individual and estimated trajectory plots of two- and three-class PGMMs.

PGMMs. In our analysis, we observed that the estimates of knot location were affected by the prior specification. Initially, under a set of
diffuse priors, the knot location for Class 1 was estimated to be 4.530, indicating a transition right after the spring of the fourth grade.
Under a set of weakly informative and informative priors, this estimate changed to 4.705 and 4.700, respectively. Although both values
still pointed to a transition from the spring of the fourth year to the fall of the fifth year, we observed a delay compared to the estimate
under diffuse prior settings. This highlights that it is imperative for researchers to thoroughly examine the potential shifts in all pa-
rameters and reassess the substantive interpretations and underlying theories accordingly.

7. Discussion

Mixture modeling is a useful statistical framework for identifying hidden subgroups and accounting for population heterogeneity,
which has implications for research and practice in school psychology. The Bayesian approach to mixture modeling has proven its
usefulness in various applied settings and the increasing applications of Bayesian mixture modeling are to be expected. In this article,
we focused on the practical relevance of Bayesian PGMMs for describing complex longitudinal phenomena in school psychology
research. Bayesian PGMMs can be applied to understand phasic developmental trajectories across qualitatively different, heterogenous
latent classes. However, methodological considerations associated with its application from the perspective of applied researchers
have remained limited. This article has aimed to introduce Bayesian PGMMs and address three important methodological consider-
ations in their implementation, including class separation, class enumeration, and prior sensitivity. We outlined the analytic pro-
cedures using a real-data example and provided demonstrations on addressing these methodological challenges.

We used the ECLS-K dataset to examine the piecewise growth trajectories of mathematics achievement from kindergarten to eighth
grade. The results from the one-class, two-class, and three-class PGMMs under diffuse priors consistently indicated separate and
distinct developmental trajectories before and after the knot location. These findings are similar to patterns found in previous studies
(Kohli, Hughes, et al., 2015; Kohli & Sullivan, 2019), suggesting that piecewise trajectories seem a reasonable approach to under-
standing mathematics achievement. For class separation, the two-class PGMM provided meaningful substantive interpretations based
on distinct growth trajectories and divergent parameter estimates, supporting high class separation. During the process of class
enumeration, the selection of the three-class PGMM was favored by the WAIC and LOOIC, whereas the DIC favored the two-class
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Table 7
Results of prior sensitivity analysis.
Weakly Informative Priors Informative Priors
M SD 95% CI M SD 95% CI

Class 1
I, Mean 21.814 0.278 [21.263, 22.356] 21.805 0.208 [21.399, 22.215]
S1, Mean 17.441 0.280 [16.890, 17.984] 17.290 0.209 [16.884, 17.702]
S2, Mean 6.552 0.241 [6.078, 7.025] 6.746 0.193 [6.371, 7.124]
Knot, Mean 4.705 0.115 [4.488, 4.937] 4.700 0.113 [4.480, 4.927]
1, Variance 22.683 5.184 [12.926, 33.419] 21.094 5.834 [10.052, 32.733]
S1, Variance 12.760 1.992 [9.248, 17.032] 12.573 2.036 [9.013, 16.969]
S2, Variance 11.369 2.168 [7.492, 16.018] 11.650 2.227 [7.713, 16.421]
cov(, s1) 8.076 2.476 [3.393, 13.145] 8.479 2.705 [3.445, 13.964]
cov(, s2) -3.037 2.270 [-7.540, 1.383] —3.049 2.443 [-7.977, 1.624]
COV(Ss1, S2) -3.777 1.481 [-6.836, —1.049] —3.661 1.570 [-6.937, —0.753]
Error Variance 6.214 0.215 [5.806, 6.652] 6.222 0.237 [5.779, 6.714]
Class Proportion 0.409 0.035 [0.342, 0.479] 0.393 0.033 [0.329, 0.458]
Class 2
I, Mean 29.561 0.294 [28.984, 30.136] 29.366 0.215 [28.946, 29.787]
S1, Mean 24.241 0.227 [23.802, 24.688] 24.116 0.185 [23.755, 24.481]
S2, Mean 5.489 0.218 [5.058, 5.908] 5.474 0.172 [5.138, 5.814]
Knot, Mean 4.105 0.049 [4.007, 4.201] 4.119 0.045 [4.027, 4.204]
1, Variance 117.930 12.983 [94.822, 145.495] 118.004 12.634 [95.474, 144.903]
S1, Variance 6.340 1.443 [3.733, 9.345] 6.514 1.353 [4.069, 9.350]
S2, Variance 2.934 0.787 [1.569, 4.671] 2.893 0.711 [1.645, 4.438]
cov(, s1) 5.457 2.956 [-0.462, 11.203] 6.010 2.790 [0.449, 11.437]
cov(, S2) —16.553 2.738 [-22.232, —11.538] —-16.530 2.539 [-21.807, —11.790]
COV(Ss1, S2) —2.092 0.891 [—4.001, —0.492] -2.117 0.808 [-3.816, —0.674]
Error Variance 8.169 0.180 [7.827, 8.532] 8.144 0.174 [7.815, 8.495]
Class Proportion 0.591 0.035 [0.521, 0.658] 0.607 0.033 [0.542, 0.671]

Note. M = Posterior Mean; SD = Posterior Standard Deviation; CI = Credible Interval; I = Intercept; S1 = Slope 1 (slope of the first phase); S2 = Slope 2
(slope of the second phase); COV = Covariance.

PGMM. The selection of the two-class PGMM by the DIC aligns with a previous study by Kohli, Hughes, et al. (2015), where the BIC
favored the two-class PGMM over one- or three-class PGMMs. Importantly, such discrepancies in the results from different information
criteria showcase that researchers may encounter conflicting results when relying solely on statistical criteria. Therefore, we
recommend that researchers consider multiple aspects, including class separation, substantive interpretation, and previous research in
their decision-making process. In our illustration, we adopted the two-class PGMM as the most appropriate choice based on a variety of
facets described above.

To assess the robustness of our results under the two-class solution, we conducted a prior sensitivity analysis and examined the
impact of weakly informative and informative priors on parameter estimation. Although the estimates of growth means showed some
changes compared to the results obtained under diffuse prior settings, the most notable change occurred in the latent class proportions.
Under informative and weakly informative prior settings, over half of the students were assigned to Class 2, which represents the high-
achieving group, whereas under diffuse prior settings, less than half of the students were assigned to the high-achieving group. The
evident impact of the Dirichlet prior on latent class proportions was thus found in our study, which echoes the importance of prior
distributions on latent class proportions examined by Depaoli (2013) and Depaoli et al. (2017). In addition, priors can impact multiple
parameters. For instance, we observed shifts in other parameter estimates such as the knot location. These findings highlight the
importance of considering different prior specifications in Bayesian PGMMs and their implications for the interpretation of results.
Overall, our analysis provided a comprehensive overview of the implementation of Bayesian PGMMs from the perspective of applied
researchers, demonstrating the steps involved in class separation, class enumeration, prior sensitivity analysis, and interpretation of
results.

We emphasize that any decisions made throughout Bayesian mixture modeling offer considerable flexibility, providing researchers
with ample room to tailor their own analytic procedures and make informed decisions. For instance, in terms of class separation,
researchers may opt to collapse latent classes, as we did, or choose to retain separate classes based on substantive theories or expert
knowledge (Depaoli, 2021). Similarly, when it comes to class enumeration, researchers may place more emphasis on statistical criteria
or substantive theories. It is even possible that different information criteria may favor different class solutions. In our example, the
two-class PGMM was preferred by the DIC, whereas the WAIC and LOOIC favored the three-class PGMM. It is thus important to review
all the available statistical criteria and consider substantive meanings of latent classes. After class separation and enumeration have
been assessed, checking the robustness of their findings based on the available information becomes a primary concern (Depaoli et al.,
2017). In practice, eliciting and specifying prior distributions in a proper and accurate way may not always be feasible and information
may be limited (van de Schoot et al., 2018). In this regard, prior distributions inherently contain some level of inaccuracy that can
impact parameter estimation and, consequently, research conclusions. If researchers encounter fluctuating results under different prior
specifications, this suggests that the data may not align well with the underlying theories, and this aspect should be thoroughly
discussed as an important substantive conclusion. If different prior settings have minimal impact on the final estimates, this indicates
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the underlying theory is strong and reinforces confidence in the stability of the model results.

Recognizing the considerable latitude for statistical decision-making in the context of Bayesian PGMMs, we underscore the
paramount importance of method implementation and reporting of the results across all analytic procedures in a transparent manner
(Depaoli, 2021; Depaoli & van de Schoot, 2017). To achieve this, researchers should plan their statistical analyses prior to data
collection and analysis. In addition, it is crucial to contextualize any meaningful findings in relation to substantive theories. By
considering both the statistical results and the substantive theories, researchers can engage in comprehensive discussions that lead to
well-rounded research conclusions. It is through this harmonious integration of statistical and substantive perspectives that a deeper
understanding of the phenomena under investigation can be achieved. Therefore, researchers must strive to effectively communicate
their findings and foster a balanced discourse that encapsulates both statistical rigor and theoretical relevance.

7.1. Future methodological work

Given the complexity that PGMMs can take on, it is particularly difficult to construct generalized sample size requirements for
accurate modeling and estimation purposes. For example, the number of latent classes, relative size of those classes, and the separation
of those classes in relation to one another are all aspects that interplay and create a complex picture of sample size requirements in
conventional GMMs (Depaoli, 2013). When the GMM is extended by including knots, then aspects such as segment length, overall
length of the trajectory, and the number and placement of knots can also play important roles in affecting base-level sample size
requirements. Because of these complexities, and the importance of determining sample size bounds for applied inquiries, the
methodological literature should work to establish an online power analysis tool where researchers can enter specifications (e.g.,
number of classes, number and placement of knots, approximate size of classes) and a brief simulation would be run to determine
lower-bound sample size levels that produce unbiased and efficient estimates. Such a tool does not yet exist, but it would be of great
benefit to the empirical PGMM literature.

7.2. Concluding remarks

In conclusion, we hope that this article has provided practical guidance for applied researchers and practitioners interested in
implementing Bayesian PGMMs. By addressing key methodological considerations such as class separation, class enumeration, and
prior sensitivity, we encourage researchers to confidently and thoroughly implement Bayesian PGMMs in their research endeavors. We
believe that the adoption of this modeling approach can greatly benefit the school psychology field by uncovering hidden subgroups,
addressing population heterogeneity, and investigating complex nonlinear phenomena. This can ultimately lead to a deeper under-
standing of student development and inform targeted interventions. We encourage researchers to embrace Bayesian PGMMs as a
powerful tool for enhancing the quality of educational support in school settings.
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Appendix A. Model definition

This section provides additional information about the model definition for PGMMSs. The mixture modeling approach, including
PGMMs, assumes that observed data are generated from a mixture distribution. Put differently, mixture models such as PGMMs can be
expressed as a combination of probability densities of each latent class. For a latent class ¢, we can represent the mixture density,
f(y;19), as follows:

1

Fl@) =Y Cnf 00 (A1)

In Eq. (A1), y; is a vector of repeatedly measured observed variables for an individual i across T time points, Q refers to a vector of
parameters being estimated, and 7z, is the unknown mixture proportion for a class c wherec =1, 2, ..., C, f.( - ) are the densities across
all the C classes assumed to follow a multivariate normal distribution. Because z. refers to mixture class proportions of a latent class c,
these should add up to 1. For instance, if the true population consists of two classes where 30% and 70% of the population belong to
Class 1 and Class 2, respectively, 7; = 0.3, 7, = 0.7, and 7; + 72 = 1.0. Note that any elements with subscript ¢ denote those elements
can vary across the latent classes. If necessary, certain parameters can be fixed across classes by researchers.

It is assumed that the densities across all the C latent classes are multivariate normally distributed. In Eq. (A1), the multivariate
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normality of the data in each latent class can be expressed such thaty | ¢ ~ .Z7/ (., Z.) with g, and X being respectively referred to
as a mean vector and a covariance matrix for a class c. In addition, we have introduced that Q is a vector that contains parameters being
estimated. The Q vector can be extended such that Q = (x, @), where 7 contains latent class proportions for all the C latent classes and
© contains model parameters . for each latent class ¢ such that @ = (6,,6,,...,6,).

The formulation of a PGMM under the structural equation modeling framework, which combines the measurement model and the
structural model, leads to the following reduced form:

Yie = Ay(ac + &) +eic. (A2)
The model-implied mean and covariance structure of the Eq. (A2) are as follows:
/’lc (0) = A}’a57

Z.(0) = Ay Y,A, + O (A3)

In Eq. (A3), ¥, indicates the covariance matrix of growth factors, and @, refers to the covariance matrix of the error terms of
repeatedly measured observed variables. The growth factor covariance matrix, ¥,, can be treated as heterogeneous across latent
classes by the addition of the subscript c.

Appendix B. Prior distributions

Appendix B is devoted to illustrating the prior specifications for model parameters in PGMMs. The first parameter to consider is the
mixture class proportions, z#. The most common prior distribution used is the Dirichlet prior

x~ I(dy,....dc), (B1)

where the hyperparameters d, , ..., dc describe the proportion of cases in the C latent classes, thus they control how the latent classes are
balanced in the prior. For example, if a researcher assumes that sample data consist of equal proportions of participants from Classes 1,
2, and 3, the research may specify the prior distribution as &(1,1, 1). However, if there is a reason to believe that the sample dataset
consists of 20%, 30%, and 50% of participants from Classes 1, 2, and 3, the corresponding prior distribution can be specified as
(0.2,0.3,0.5).

The second set of parameters to consider is the growth factor means. These parameters are typically assumed to be normally
distributed, such that

Ame ~ VA <” Qmc ? gimc) ) (Bz)

where ay, indicates the mean of growth factor m =1, 2, ..., F of class c, y, indicates the center of this prior distribution, and agm
indicates the informativeness of this prior distribution via the distribution’s variance.

Third, we define the prior distributions for the variance of the error terms in @, (see Eq. (A3)). A typical way to put priors on this
matrix is to map an inverse gamma distribution to an individual element of the matrix ©... Let 6., denote the variance of an individual
element associated with the measurement at time point t such that t =1, 2, ..., T. We can specify prior distributions in the following
way

0 ~ 5% (a5, b, ®3)
where ay, and by, represent the shape and scale for the inverse gamma prior distribution. We omitted the subscript ¢ to enhance

visibility, but different prior specifications are possible across latent classes if desired.
The fourth parameter is the factor covariance matrix ¥,. Commonly, the inverse Wishart prior distribution is used such that

W, ~ W (W, v), (B4)
where W is a positive definite matrix of size m, and v is the degrees of freedom that control the informativeness of the inverse Wishart
prior distribution. This prior distribution can also vary across latent classes by adding a subscript c.

The fifth, and final, parameter is the knot location, y. We present two possible forms of prior distributions. One method is to
implement the uniform distribution to indicate a diffuse prior distribution over the knot location:

y ~ 7/ (min(t) ,max(t) ), (B5)

where min(t) and max(t) represent the initial and last time points. This uniform prior distribution indicates that all values for y are
equally likely, which makes the uniform prior setting diffuse. The other method is to implement a truncated normal distribution to
leverage the informativeness with respect to knot location:

v~ 1(,4y af) T (min(t), max(t) ), (B6)
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where y, and af respectively define the location and the informativeness (variance) of this prior distribution, and .7 (min(t) ,max(t) )
represents that this normal prior distribution is truncated ranging from min(t) to max(t). It is natural to assume that knot locations are
different across latent classes. Researchers can thus specify different prior distributions for knot locations across the latent class.

The diffuse prior distributions that were implemented in the initial analysis were, in part, pulled from Merkle and Rosseel (2018) as
follows:

z ~ 7(1,1) for a two-class solution,

x~ 7(1,1,1) for a three-class solution,

e ~ 17(0,10),

0., ~.7%(1, 5),

W, ~ 77 (1,3),

y~ #(0,8.5), (B7)

where 1 is the identity matrix. Readers can consult the OSF materials for the code associated with the prior specifications.”
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